We use linked-cluster expansions to analyze the quantum phase transitions between symmetry unbroken trivial and topological Haldane phases in two different spin-one chains. The first model is the spin-one Heisenberg chain in the presence of a single-ion anisotropy while the second one is the dimerized spin-one Heisenberg chain. For both models we determine the ground-state energy and the one-particle gap inside the non-topological phase as a high-order series using perturbative continuous unitary transformations. Extrapolations of the gap series are applied to locate the quantum critical point and to extract the associated critical exponent. We find that this approach works unsatisfactory for the anisotropic chain, since the quality of the extrapolation appears insufficient due to the large correlation length exponent. In contrast, extrapolation schemes display very good convergence for the gap closing in the case of the dimerized spin-one Heisenberg chain.
I. INTRODUCTION
Topologically ordered quantum phases have attracted an enormous interest in recent years due to their fascinating physical properties. Such phases display long-range quantum entanglement in the ground state and support exotic excitations with fractional quantum numbers as well as, in two dimensions, featuring unconventional particle statistics different from conventional fermions or bosons. The latter excitations called anyons 1, 2 are at the heart of topological quantum computation [3] [4] [5] . Quantum phases with such topological order are robust against small quantum fluctuations. But strong enough perturbations destroy the topological order via a quantum phase transition to a different ground state, which is usually not topologically ordered. Since topological order cannot be characterized by local order parameters, these quantum phase transitions cannot be described by Landau's paradigm of phase transitions. Therefore, it is interesting and important to investigate such quantum critical behavior.
One relevant arena to explore topological quantum phase transitions are interacting quantum spin systems, which are known to realize topological order and associated phase transitions in a large variety of microscopic models and dimensions. This includes three-dimensional quantum spin-ice models displaying a quantum phase transition out of a topological Coulomb phase 6, 7 , twodimensional toric codes, Kitaev and string-net models showing a plethora of phase transitions in the presence of additional perturbations [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] as well as one-dimensional quantum spin chain models.
The most prominent one-dimensional spin system displaying topological order is the antiferromagnetic spinone chain [21] [22] [23] [24] . Its ground state possesses long-range string order 25, 26 and its elementary excitations above the topological singlet ground state are gapped consistent with Haldane's conjecture [21] [22] [23] . A quantum phase transition out of such a Haldane phase can be induced by additional interactions, e.g. , a single-ion anisotropy 27, 28 or a dimerization giving rise to the dimerized spin-one Heisenberg chain. It is known that the quantum phase transition between the gapped topological Haldane phases and, in both models, topologically trivial gapped phases is continuous, belonging to the Gaussian universality class [29] [30] [31] [32] [33] [34] . In this work we study this topological phase transition of the antiferromagnetic spin-one Heisenberg chain in the presence of single-ion anisotropy or dimerization. Our main interest is whether one can understand the continuous phase transition by the closing of the oneparticle gap of the trivial phases, i.e. , from the limit of infinitely strong dimerization or single-ion anisotropy where the ground state is given by unentangled product states. To this end we set up high-order linked-cluster expansions for the one-particle excitations inside the trivial phases using the method of perturbative continuous unitary transformations (pCUTs) 35, 36 . Extrapolations of the one-particle gap allow to locate the quantum critical points and to extract the associated critical exponents. We find that the extrapolation of the one-particle gap yields unsatisfying results for the spin-one Heisenberg chain in the presence of a single-ion anisotropy. This likely originates from the fact that the correlation length exponent is larger than one 34 so that the one-particle gap closing is very flat. In contrast, our results for the dimerized spin-one Heisenberg chain compare well with the other numerical resulst of the literature, which we discuss at the end of this work. Consequently, our results provide an confirmation of previous results, obtained by complementary series expansion methods.
The paper is organized as follows. We introduce the microscopic models in Sect. II and we explain all the technical aspects in Sect. III. This includes the pCUT method as well as the applied extrapolation schemes. In Sect. IV, we present and discuss our results. Finally, we draw conclusions in Sect. V.
II. MODELS
We consider two types of antiferromagnetic spin-one chains: i) a Heisenberg chain in the presence of a singleion anisotropy (AC) and ii) a dimerized Heisenberg chain (DC). Both models are illustrated in Fig. 1 .
A. Single-ion anisotropy
The Hamiltonian of the Heisenberg chain in the presence of a single-ion anisotropy reads
The sums run over all sites j of a one-dimensional chain, λ ac ∈ [0, ∞), and S j = (S x j , S y j , S z j ) represents the spinone operator on site j. For large λ ac , this model realizes a topological Haldane phase characterized by a non-local string order parameter and gapped elementary excitations. In contrast, for small λ ac , one finds a ground state which is adiabatically connected to the case λ ac = 0 of decoupled spin-ones. The three spin eigenstates in the presence of a single-ion anisotropy are denoted by |α with α ∈ {0, ±1} labelling the quantum number of S z . The eigenenergy of state |α is α 2 as sketched on the right side of Fig. 1(i) . For λ ac = 0, the ground state is the unentangled product state j |0 j and elementary excitations are local spin flips to the states | ± 1 of single spins costing an energy ∆ (ac) = 1. Therefore, for small λ ac , the phase is featureless without symmetry breaking and has gapped excitations. Consequently, there must occur a quantum phase transition between the two gapped phases when the parameter λ ac is varied. This Gaussian transition has been located accurately by density matrix renormalization group calculations to be at λ c ac ≈ 1.03258 and the gap in both quantum phases closes with a critical exponent zν ≈ 1.472 34 . Here z is the dynamical and ν the correlation length exponent.
B. Dimerized chain
The Hamiltonian of the dimerized Heisenberg chain is given by
where S d,L (S d,R ) denotes a spin-one operator on the left (right) site of dimer d (see also Fig. 1 (ii)). The parameter λ dc ∈ [0, 1] varies from the isolated dimer limit λ dc = 0 to the isotropic Heisenberg chain λ dc = 1. The ground state for λ dc = 0 is the unentangled product state d |s d where |s d is the singlet eigenstate of the isolated dimer d. Elementary excitations are local triplets |t α with α ∈ {0, ±1} and quintuplets |q β with β ∈ {0, ±1, ±2} as illustrated on the right side of Fig. 1 (ii). In contrast, the isotropic Heisenberg chain at λ dc = 1 is known to be in a topologically ordered gapped Haldane phase like the AC for large λ ac discussed above. Thus a Gaussian quantum phase transition must occur as a function of λ dc between the two gapped phases, which is known to take place at λ c dc ≈ 0.6 [37] [38] [39] [40] [41] [42] [43] [44] [45] . The associated gap closing critical exponent is zν = 1 [21] [22] [23] 27, 28, [38] [39] [40] 45 .
III. PCUT
In this section we provide the relevant technical aspects of pCUT applied to both spin-one chains. We start by sketching the underlying method of the expansion; for details the reader may consult Refs. 35, 36, and 46. The expansion's reference point is λ κ = 0 with κ ∈ {ac, dc}. Here the ground state is given by a product state in both models. The spin-one Heisenberg chain in the presence of single-ion anisotropy is in the state where each spin on site j is in the state |0 j , and the elementary excitations are local excitations | ± 1 j having S z j = ±1 and an excitation energy ∆ (ac) = 1 (see Fig. 1(i) ). For the DC, isolated dimers are in the singlet state |s d , and elementary excitations are local triplets with total spin 1 and with excitation energy ∆ (dc) = 1 as well as local quintuplet excitations with total spin 2 and excitation energy 3 as illustrated in Fig. 1(ii) .
After a global energy shift, we can rewrite both models in the form
where κ ∈ {ac, dc} and H
is a counting operator of elementary energy quanta. The number of energy quanta is equal to the number of local excitations | ± 1 with S z = ±1 for the AC. In contrast, for the DC, the number of energy quanta is given by the number of triplet excitations |t α with α ∈ {0, ±1} plus three times the number of quintuplet excitations |q β with β ∈ {0, ±1, ±2}, since the eigenenergy of the states |q β is 3. The perturbations can be written aŝ
for the AC andV
for the DC whereT
m changes the total number of energy quanta by m.
Each operatorT
m is a sum over local operators connecting two nearest-neighbor supersites on the chain, where a supersite corresponds to a single spin for the AC and a dimer for the DC. One can therefore writê
withτ (κ) m,l affecting the two supersites connected by the link l on the chain of supersites.
The pCUT method 35, 36, 46 maps the original Hamiltonian to an effective quasiparticle-conserving Hamiltonian of the form
mn , (7) where n reflects the perturbative order. The second sum runs over all possible vectors m ≡ (m 1 , . . . , m n ) with m i ∈ {±2, 0} (m i ∈ {±4, ±3, ±2, ±1, 0}) for the AC (DC) and dimension dim(m) = n. Each term of this sum is weighted by the rational coefficient C(m) ∈ Q which has been calculated model-independently up to high orders. 35 The additional restriction M (m) ≡ i m i = 0 reflects the quasiparticle-number conservation of the effective Hamiltonian, i.e. , the resulting Hamiltonian is block-diagonal in the number of energy quanta,
0 ] = 0. Each quasiparticle-number block can be investigated separately which represents a major simplification of the complicated many-body problem.
The operator productsT m1 . . .T mn appearing in order n can be interpreted as virtual fluctuations of "length" l ≤ n leading to dressed quasiparticles. According to the linked-cluster theorem, only linked fluctuations can have an overall contribution to the effective Hamiltonian H eff . Hence, the properties of interest can be calculated in the thermodynamic limit by applying the effective Hamiltonian to finite chain segments.
In practice, we calculated high-order series expansions for the zero-and one-quasiparticle sector for both models. Note that the computations for the DC are more demanding than the ones for the AC. Reasons are the larger local Hilbert space of a dimer compared to that of a single spin and the larger number of operatorsT m resulting in more operator sequences in the effective Hamiltonian (7) . As a consequence, we reach lower perturbation orders for the DC compared to the AC. Additionally, the coefficients of the series are obtained as exact fractions for the AC while we had to calculate with float number for the DC. The zero-quasiparticle sector yields directly the ground-state energy per supersite which we calculated up to order 14 (8) for the AC (DC). Similar calculations in the one-quasiparticle sector result in the one-particle hopping amplitudes which we determined up to order 15 (8) for the AC (DC). A Fourier transformation diagonalizes the one-particle hopping Hamiltonian for both spin-one chains. This yields the one-particle dispersion ω (κ) (k) and the one-particle gap ∆ (κ) ≡ ω (κ) (k = 0).
A. Extrapolation
In order to detect second-order quantum phase transitions, we use Padé and DlogPadé techniques to extrapolate the one-particle gap ∆ (κ) 47 . To this end, various extrapolants [L, M ] are constructed, where L denotes the order of the numerator and M the order of the denominator.
A standard extrapolation scheme is the Padé extrapolation which is defined by
for the one-particle gap ∆ and with p i , q i ∈ R and q 0 = 1. The latter can be achieved by reducing the fraction. The real coefficients are fixed by the condition that the Tay 
In the case of a physical pole of P[L, M ] D at λ c , which corresponds to the closing of the gap and therefore to the location of the quantum critical point, one is able to determine the dominant power-law behavior |λ − λ c | zν close to λ c . The critical exponent zν is given by the residuum of P
where
If the exact value of λ c is known, one can obtain better estimates of the critical exponent zν by defining
and by then applying standard Padé extrapolation on the function zν
evaluated at λ = λ c . In general, one expects that the quality of the extrapolation increases with the perturbative order. Convergence of a physical quantity is indicated by different extrapolants [L, M ] (Padé or DlogPadé extrapolation) and especially different families of extrapolants with L − M = const yielding the same result. Here and in the following we omit the index ∆ in [L, M ] ∆ for the sake of brevity. Note that Padé and DlogPadé extrapolants can possess so-called spurious poles, i.e. , poles for 0 < λ < λ c or λ ≈ λ c , where λ c corresponds to the location of a quantum critical point. These spurious poles usually spoil the quality of the extrapolation. Thus associated extrapolants are excluded in the further analysis.
IV. RESULTS
In this section we present our results and discuss implications for the quantum phase transition between the trivial and the Haldane phases. To this end we focus on the one-particle gap inside the trivial phases of both models, since extrapolations of the ground-state energy did not provide any quantitative indications for the quantum critical behavior.
A. Anisotropic chain
As outlined above, we have applied the pCUT method to calculate the ground-state energy per site (ac) 0 as well as the one-particle gap in the form of a high-order series in λ ac . The explicit expressions are given by 
Next we analyze the one-particle gap to extract the quantum critical properties of the AC by applying DlogPadé extrapolation. The resulting quantum critical points λ c ac are shown for various families of extrapolants dP[L, M ] with L − M = const as a function of the total order r = L + M in Fig. 2 .
Obviously, the quality of the extrapolation is not very convincing, since the locations of the critical point scatter between λ c ac ≈ 1 and λ c ac ≈ 1.5. We attribute this to the gap expected to close with an exponent zν = 1.472 > 1 34 . As a consequence, the gap closing is very flat. It is reasonable to interpret the unsatisfactory extrapolation as being caused by the fact that it is hard for the DlogPadé extrapolation to locate a very flat gap closing precisely.
Indeed, if one studies the associated critical exponents for the extrapolants shown in Fig. 2 , one finds values for zν in the large interval 1 to 5 (not shown). We therefore biased the DlogPadé extrapolants to the critical value λ c ac = 1.03258 34 and extracted the critical exponent using Eq. (11). These results are displayed in the inset of Fig. 2 . We first note that a larger number of DlogPadé extrapolants do not show spurious poles when biasing with λ c ac = 1.03258. Furthermore, the different families of extrapolants seem to converge to the critical exponent zν ≈ 1.5 consistent with the expected value zν = 1.472 > 1 34 . Still, the overall quality of the extrapolation is not sufficient to gain any quantitative insights into the quantum critical behavior of the AC.
B. Dimerized chain
Next we look at the DC. The series expansion for the ground-state energy reads 
For this model one expects that the gap closes around λ c dc ≈ 0.6 with a critical exponent zν = 1. We have applied Padé and DlogPadé extrapolation to the oneparticle gap in order to study the quantum phase transition of the DC. The results are shown in Fig. 3 . In contrast to the AC, we find a much better convergence for the DC in both extrapolation schemes. The DlogPadé extrapolants converge to a value λ c dc ≈ 0.61. An exception is extrapolant dP [5, 2] (square symbol for r = 7) which is the single member of the rather non-diagonal family dP[L, M ] with L − M = 3 and might therefore be ignored. The good convergence of all the other extrapolants is also reflected in the associated critical exponents which are shown in the inset of Fig. 3 . Averaging over the extrapolants with the highest reliable order r = 6 gives the critical exponent zν = 0.98 ± 0.01 consistent with the expected behavior. The single extrapolant with r = 7 is less reliable, because one cannot compare it to other extrapolants of the same order.
The linear closing of the gap can also be well described by a standard Padé extrapolation. We find a good convergence as can be seen from the lower panel of Fig. 3 . All families converge to a critical value close to 0.61. In order to get a more quantitative estimate of the quantum 
V. CONCLUSIONS
We calculated high-order series expansions for the ground-state energy per site and the one-particle gap for two different spin-one chains using the method of perturbative continuous unitary transformations. In both cases the expansion is performed inside a trivial phase where the unperturbed reference state is a product state of isolated spins (AC) or isolated dimers (DC). Computationally, the expansion for the DC is more involved due to the larger local Hilbert space of a single dimer compared to that of a single spin-one for the AC. As a consequence, substantially higher orders are reached for the AC.
Both spin-one chains display a second-order quantum phase transition between two symmetry unbroken gapped ground states. The systems are either in a trivial phase or in a topological Haldane phase with unconventional non-local string order parameter. Although both transitions are expected to belong to the Gaussian universality class, the critical exponent associated with the one-particle gap closing is very different: For the AC one finds an exponent zν ≈ 1.472
34 while an integer exponent zν = 1 is expected for the DC [21] [22] [23] 27, 28, 38, 39, 45 . This results in a very different convergence behavior when one extrapolates the one-particle gap series for both spin-one chains using Padé and DlogPadé extrapolation. We find that the extrapolation for the AC yields unsatisfactory results displaying a large uncertainty for the location of the critical point and for the value of the critical exponent. Only a biased Dlog-Padé extrapolation shows more convincing values for the critical exponent approaching zν ≈ 1.5. The situation is strongly different for the DC, although the calculated perturbative order is smaller. We find a very good convergence of Padé and DlogPadé extrapolation for the one-particle gap. Our findings are in quantitative agreement with values of the literature.
It is unclear what the reason is of the small discrepancies between the location of the quantum critical point for the DC when either studying the gap closing or physical properties of the ground state like entanglement measures is unclear. This question would deserve further investigations in the future.
